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FINITE-VALUED MAPPINGS PRESERVING DIMENSION

JAN SPEVAK

Communicated by Yasunao Hattori

ABSTRACT. We say that a set-valued mapping F': X = Y is C-lsc provided
that there exists a countable cover C of X consisting of functionally closed
sets such that for every C' € C and each functionally open set U C Y one can
find a functionally open set V C X such that {z € C : F(z)NU # 0} = CNV.
For Tychonoff spaces X and Y we write X > Y provided that there exist a
finite-valued C-lsc mapping F' : X = Y and a finite-valued D-lsc mapping
G :Y = X (for suitable C and D) such that y € J{F(z) : = € G(y)} for
every y € Y. We prove that X > Y implies dim X > dimY. (Here dim X
denotes the Cech-Lebesgue (covering) dimension of X.) As a corollary, we
obtain that dim X = dim Y whenever a perfectly normal space Y is an image
of a Tychonoff space X under a finite-to-one open mapping. We also give
an example of an open mapping f : X — Y such that |f~1(y)| < 2 for all
y €Y, both X and Y are hereditarily normal (and Y is even Lindeldf) but
dim X # dimY.

1. INTRODUCTION

Notation and terminology follows [4] if not stated otherwise. By dimension
is meant the Cech-Lebesgue (covering) dimension dim. The set of all natural
numbers is denoted by N.

Let X,Y be topological spaces and 2" a set of all nonempty subsets of Y. We
call a mapping F : X — 2Y a set-valued mapping from X to Y and denote this
fact by the symbol F' : X = Y. A mapping F : X = Y is called finite-valued
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provided that F(z) is finite for every x € X. If for every open U C Y the set
FYU)={zec X :Flx)nU # 0}

is open in X, then F is said to be lower semi-continuous (abbreviated by Isc).

Recall that a subset A of a space X is called functionally open (functionally
closed) provided that there exists a continuous function f : X — [0,1] such that
A= f71((0,1]) (A = f~1(0) respectively).

We call a countable union of (functionally) closed subsets of a space X a
(functionally) F, subset of X. Recall that a bijection f : X — Y between
Tychonoff spaces X and Y is a first level Borel (Baire) isomorphism provided
that f(B) is a (functionally) F, subset of Y for every (functionally) F, subset B
of X and f~1(C) is a (functionally) F, subset of X for every (functionally) F,
subset of Y.

Clearly, if X and Y are homeomorphic, then dim X = dimY. In [7, 2, 13, 12]
it was shown that, for special classes of spaces X and Y, the same conclusion
dim X = dimY holds if one considers a bijection f : X — Y satisfying much
weaker continuity assumptions than that of a homeomorphism. The most general
result in the series [7, 2, 13] says that if both X and Y are countable unions of
(pseudo)compact spaces and there exists a first level Baire isomorphism f: X —
Y, then dim X = dimY [13]. Moreover, Pytkeev [12] proved that if X and Y
are normal spaces and f : X — Y is a first level Borel isomorphism, then f is
also a first level Baire isomorphism. It now follows that if f : X — Y is a first
level Borel isomorphism between o-compact Tychonoff spaces X and Y, then
dim X = dimY [12]. In general, first level Borel isomorphisms do not preserve
dimension [12].

In this paper we obtain another generalization of the notion of a homeomor-
phism by introducing a special class of set-valued mappings F : X = Y such
that one can always get the conclusion dim X = dimY for arbitrary Tychonoff
spaces X and Y. To motivate this generalization, observe that spaces X and Y
are homeomorphic if and only if there exist continuous mappings f : X — Y and
g :Y — X such that

(1) x=go f(z)forallz € X, and y = fog(y) forally € Y.

(Indeed, (1) is equivalent to g = f~!.) One obtains a straightforward general-
ization of a homeomorphism by replacing f and g with lower semi-continuous
set-valued mappings F': X = Y and G : Y = X and requiring them to satisfy

(2) x€GoF(zx)forallz € X, and y € FoG(y) for all y €Y,
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where the composition Go F': X = X is defined by
GoF(zx)= U{G(y) :y € F(x)} for every z € X.

Note that a mapping f : X — Y is continuous if and only if the set-valued
mapping ' : X = Y defined by f'(z) = {f(x)} for z € X, is lower semi-
continuous. This justifies the lower semi-continuity requirement on F and G
above.

One cannot expect much from such a far-reaching generalization of a homeo-
morphism unless some additional conditions on images F(z) and G(y) of points
x € X and y € Y are imposed. Indeed, take a singleton {z} as X, the closed unit
interval [0,1] as Y, and define F(x) =Y and G(y) = {z} for every y € Y. Then
both F: X = Y and G : Y = X are compactly-valued lower semi-continuous
mappings satisfying the condition (2), and yet dimX = 0 # 1 = dimY. Since
compactness of the images of points does not suffice for preservation of dimen-
sion, we will further strengthen our condition by requiring images of points to
be finite. This leads us to the question that motivated this manuscript: If lower
semi-continuous finite-valued mappings F': X = Y and G : Y = X satisfy the
condition (2), is then dim X = dimY™?

Unfortunately, as we will see in Example 6.3, the answer to this question is
negative even in the special case when spaces X and Y are hereditarily normal.
To rectify this situation one needs a strengthening of lower semi-continuity due
to Gutev:

Definition 1. (Gutev [6]) A set-valued mapping F' : X = Y is called strongly
lower semi-continuous (abbreviated strongly lsc) provided that the set F~(U) is
functionally open in X for every functionally open subset U of Y.

Note that, for a Tychonoff space Y, a mapping f : X — Y is continuous if and
only if the set-valued mapping f’ : X = Y defined by f/(z) = {f(x)} for z € X,
is strongly lower semi-continuous, so we can modify our question as follows:

Question 1. Suppose that X and Y are Tychonoff spaces. If strongly lower
semi-continuous finite-valued mappings F: X = Y and G : Y = X satisfy (2),
must dim X = dimY?

We will provide a positive answer to this question in Corollary 5.2. Moreover,
it is possible to get the equation dim X = dimY even under substantially weaker
assumption obtained by considering a countable cover C of X consisting of func-
tionally closed (and sort of C*-embedded) subsets of X, a countable cover D of
Y consisting of functionally closed (and sort of C*-embedded) subsets of Y, and
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finite-valued mappings F': X = Y and G : Y = X such that the restriction F [¢
of F' to every C' € C and the restriction G [p of G to every D € D are strongly
lower semi-continuous (Corollary 4.9).

Since the covering dimension dim X of a Tychonoff space X is defined by means
of functionally open covers of X, it is not at all surprising that functionally open
sets play such a prominent role in the following definition:

Definition 2. Suppose that X and Y are topological spaces, and C is a countable
cover of X consisting of functionally closed subsets of X. We will say that a set-
valued mapping F : X = Y is C-lower semi-continuous (abbreviated by C-lsc)
provided that for every C' € C and every functionally open set U C Y there exists
a functionally open set V C X such that F~1{(U)NC =V NC.

From now on, when speaking about C-lsc mapping F': X = Y, we will always
assume that C is some countable functionally closed cover of X.

Clearly, if a set-valued mapping F : X = Y is C-lsc, then the restriction of F
to each C' € C is strongly lower semi-continuous. It is also clear that a set-valued
mapping F : X = Y is {X }-lsc if and only if it is strongly lower semi-continuous.

Definition 3. Given topological spaces X and Y and finite-valued mappings
F:X=Yand G:Y = X, we write X p>¢ Y provided that F' is C-Isc for some
C, G is D-lIsc for some D and for every y € Y there exists z € X with x € G(y)
and y € F(x).

Observe that the condition “for every y € Y there exists z € X with z € G(y)
and y € F(x)” in the above definition is equivalent to the condition “y € F o G(y)
for every y € Y”. Therefore, if X p>g Y and Y o> X hold at the same time,
then F' and G satisfy the condition (2).

Definition 4. We say that X dominates Y, and write X > Y, provided that
X p>¢ Y for some finite-valued mappings F : X =Y and G: Y = X.

Our principal result in this paper is Theorem 4.8: If X and Y are Tychonoff
spaces such that X > Y, then dim X > dimY. In particular, if X and Y are
Tychonoff spaces, X > Y and Y > X, then dim X = dimY (Corollary 4.9). The
particular case of Theorem 4.8 when X and Y are separable metrizable is proved in
Section 2 (Lemma 2.6). Applying some standard factorization machinery recalled
in Section 3 we then prove the general case in Section 4. In Section 5 we highlight
the connections between our results and strongly lsc mappings in the sense of
Gutev [6] and o-lsc mappings in the sense of Choban [3]. Finally, in Section 6
we apply our results to establish theorems about preservation of dimension under
finite-to-one open mappings. In particular, we prove the following;:
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(i) If f : X — Y is a finite-to-one functionally open (=cozero) mapping?
between Tychonoff spaces X and Y, then dimX = dimY (Corollary
6.2).

(ii) If a perfectly normal space Y is an image of a Tychonoff space X under
a finite-to-one open mapping, then dim X = dimY (Corollary 6.3).

(iii) There exist hereditarily normal spaces X and Y and a finite-to-one open
mapping f : X — Y such that dim X # dimY (Example 6.2).

2. SEPARABLE METRIZABLE CASE

In this section we will prove that if X,Y are separable metrizable spaces and
X r>a Y, then dim X > dimY.

Lemma 2.1. Let X and Y be topological spaces such that Y is Tychonoff and
F: X =Y aC-lsc mapping. Then, for every C € C, the restriction F'[¢: C' =Y
of F to C is an lsc mapping.

PrOOF. Let C € C. Let W be an open subset of Y. Define
U ={U : U is a functionally open subset of Y such that U C W}.

Since F' is a C-lsc mapping, for every U € U there exists a functionally open
subset Viy of X such that (F|¢)~}(U)=F~YU)NnC =VyNC. In particular,
(F1¢)"Y(U) is open in C. Since W = [JU, we conclude that (F [¢)”"1 (W) =
U{(F 1)1 (U) : U € U} is an open subset of C. Thus F |¢ is Isc. O

Recall that if open subsets of a space X are F,-sets, then X is called a perfect
space.

Lemma 2.2. Let X be a perfect space and Y a Hausdorff space. Assume that
F: X =Y isan lsc mapping. Then {x € X : |F(x)| =n} is an Fy-set for every
n € N.

PROOF. First let us show that U,, = {z € X : |F(x)| > n} is open for every n € N.
If U,, = (), we are done. Suppose now that U, # (). Pick € U,, arbitrarily. Since
|F'(z)| > n, there exist pairwise disjoint open subsets Vi, ..., V41 of Y such that
F(z)NV; # 0 for every i < n+1. Since Fislsc, W = ({F~}(V;):i=1,...,n+1}
is an open neighborhood of . We claim that W C U,,. Indeed, assume that
z € W. Then F(2) N V; # 0 for every i < n + 1, which yields |F(z)| > n.
Therefore z € U,,. We have proved that U, is open in X.

IRecall that f is functionally open iff f is continuous and f(U) is a functionally open subset
of Y for every functionally open U C X.
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Being an open subset of a perfect space X, U,,_1 is an F,-subset of X. There-
fore, {x € X : |F(z)|=n} = (X \U,) NU,_1 is also an F,-subset of X. O

Lemma 2.3. Let X andY be topological spaces and F : X =Y a C-lsc mapping.
If X is perfect and Y is Hausdorff, then A, = {z € X : |F(z)| = n} is an F,-
subset of X for every n € N.

PROOF. Fix n € N. Let C € C be arbitrary. The restriction F [¢: C = Y of
F to C is an lsc mapping (Lemma 2.1). Being a subspace of a perfect space X,
C' is also perfect. Applying Lemma 2.2 (to C taken as X and F [¢ taken as F),
we conclude that C,, = {x € C : |F ¢ (z)] =n} = {z € C : |F(z)| = n} is an
F,-subset of C. Since C is closed in X, C,, is an F,-subset of X as well.

Since C covers X, we have A, = (J{C,, : C € C}. Since C is countable, we
conclude that A,, is an F,-subset of X. O

Lemma 2.4. Let X be a Tychonoff and Y an arbitrary topological space, B a
fized base of X and G :' Y = X a D-lsc mapping. Let B, = {y € Y : |G(y)| =
k}. Suppose also that D € D,y € DN By, x € G(y) and V C X is an open
neighborhood of x. Then there exist an open neighborhood U CY of y and V' € B
such that x € V' CV and |G(y')NV'| =1 for everyy' € DN B NU.

PROOF. Let {x1,...,2x} = G(y). Since x € G(y), there exists a unique j < k
such that = x;. Choose pairwise disjoint open sets Vi,..., Vi € B such that
xz; € Vi fori=1,..., k. Without loss of generality we may assume that V; C V.
Define U' = N{(G Ip)~*(V;) : i = 1,...,k} and V' = V;. Since y € D and
2z, € Gly)NV; foralli =1,... &k, we have y € U’. Since G [p is Isc by Lemma
2.1, U’ is an open subset of D. Choose an open subset U of Y with U' = DNU.
Suppose now that 3y’ € DNBxNU = BpNU'. Ifi < k, theny’ € U’ C(G |p) (Vi)
implies G(y') N V; # 0, and so we can choose z; € G(y') N V;. This gives
{z),...,2},} CG(Y). Since Vi, ...,V are pairwise disjoint, it follows that o} # z;
whenever ¢,] < k and ¢ # [. Since y’ € By, we conclude that {z/,...,z}.} = G(¥).
Thus G(y' )N V' =Gy )NV ={x),..., 2.} N V; = {a;}. O

Lemma 2.5. Let X and Y be separable metrizable spaces such that X p>q Y.
Then there exists a countable cover K of Y such that each K € K is closed and
homeomorphic to some subspace of X.

PRrROOF. Let F' and G be the mappings witnessing X p>¢ Y, see Definition 3.
Then F is C-lsc and G is D-lIsc for some C,D. For k,I € N define A; = {z €
X :|F(z)] =1} and By ={y €Y : |G(y)| = k}. Let C = {C; : j € N} and
D ={D; : i € N} be enumerations of C and D, respectively. Fix a countable base
{V, :n € N} of X and a countable base {U,, : m € N} of Y.



FINITE-VALUED MAPPINGS PRESERVING DIMENSION 333

Define € to be the set of all € = (i,4,k,I,m,n,p) € N7 such that V,, C V,,,
|G(y) N V,| = 1 for every y € D; N B, NU,, and |F(z) NUp| = 1 for every
T € Cj NA N VZD

Fix € = (4,4,k,l,m,n,p) € £. Define mappings f. : C; N A4, NV, — U, and
ge : DiN B NU,, — V, by fe(x) =y, where {y} = F(x) NU,, and g¢.(y) = =,
where {z} = G(y) NV,,. Since F [¢; and G [p, are Isc by Lemma 2.1, from our
definition of f. and g. we conclude that both f. and g. are continuous.

We claim that

(3) Le=g-"(C;NnANV,) CD;NByNU,,
J p

is an F,-subset of Y. Being a space with a countable base, X is perfect, and so
A is an F,-subset of X by Lemma 2.3. Since Cj is closed in X and V}, is open in
X, we conclude that C; N A; NV, is an F,-subset of X. Since g, is continuous,
g1 (C; N A NV,) is an F,-subset of D; N By, N Uy,. Applying Lemma 2.3 once
again, we obtain that By is an F,-subset of Y. Since D; is closed in Y and U,
is open in Y (and thus an F,-subset of V), it follows that D; N By N U, is an
F,-subset of Y. As an (relative with the subspace topology) F,-subset of an
F,-subset of Y, L. is also an F,-subset of Y.

Because the (continuous) composition fe o g, is defined everywhere on L., the
set

(4) KE:{yELE:y:feoge(ZID}

is closed in L.. Hence, K, is an F,-subset of Y, and so K, = |J{K? : s € N},
where each K? is closed in Y.

The family K = {K? : e € £, s € N} is countable and consists of closed subsets
of Y. For e € £ and s € N, from (3) and (4) it follows that g. is a homeomorphism
between K. and g.(K.), and so K? is homeomorphic to g.(K?). It remains only
to prove that KC covers Y. To this end, it suffices to check that Y = J . K. Fix
y € Y. According to our assumptions there exists z € X such that y € F(x) and
z € G(y). Then y € D; N By, and x € C; N A; for some ¢, j,k,l € N. According
to Lemma 2.4 there exists an open neighborhood U C Y of y and n € N such
that © € V,, and |G(y') N V,,| = 1 for every ¢y € D; N By NU. Using Lemma 2.4
once again we can find m € N and open V C X such that y e U,, CU, z € V
and |F(2') N Up| =1 for every 2’ € C;N A NV. Then z € V, C V, NV for
some p € N. Clearly then |F(z') N Up| = 1 for every 2’ € C; N A; NV,. Now
e=(i,4,k,l,m,n,p) € €. Finally, note that g.(y) = z and f.(z) = y, which gives
y € K. O
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Lemma 2.6. Let X,Y be separable metrizable spaces such that X pi>g Y. Then
dim X >dimY.

PrOOF. Apply Lemma 2.5 to find a countable cover K of Y such that every
K € K is closed in Y and homeomorphic to some subspace X of X. By the
Subspace Theorem for dimension of metrizable spaces (see [4, Theorem 7.3.4]),
dim K = dim X < dim X. Now the Countable Sum Theorem (see [4, Theorem
7.2.1]) implies that dimY < dim X. O

3. STANDARD FACTORIZATION MACHINERY

In this section we recall some standard factorization machinery. For a topolog-
ical space X let Sx be the set of all continuous mappings from X into the Hilbert
cube I, For f,g € Sx we write f < ¢ if there exists a continuous mapping
h:g(X) — f(X) such that f = hog. One can easily check that the relation <
on Sx is reflexive and transitive. However, < is not anti-symmetric. To fix this,
we will introduce an appropriate quotient of Sx. If f,g € Sx, f X g and g < f,
then we write f =~ g. Clearly, ~ is an equivalence relation on Sx. One can easily
see that f ~ ¢ if and only iff there exists a homeomorphism h : g(X) — f(X)
such that f =hog.

Asusual, [g]~ = {f € Sx : f = g} denotes the equivalence class of g € Sx with
respect to the relation ~. Define Px = {[g]~ : ¢ € Sx}. We write [f]~ = [9]~
if f % g. Clearly the relation ”<” on Px is well defined and makes Py into a
partially ordered set (poset). With a certain abuse of notation, from now on we
will not distinguish between f € Sx and [f]~ € Px. In particular, we will write
f € Px instead of cumbersome [f]~ € Px.

Suppose that f : X — f(X) is an arbitrary continuous mapping such that
f(X) is separable metrizable. Since Hilbert cube is universal for all separable
metrizable spaces, there exists a homeomorphic embedding h : f(X) — I°. Now
g =ho f €Sx (and with abuse of notation we have agreed upon also g € Px).
So f can be identified with its ”representative” g in Px.

Lemma 3.1. Assume that X is a topological space and F C Px is countable.
Then:
(i) AF € Px,
(ii) f 2 AF for every f € F,
(i) if g € Px and f < g for every f € F, then AF < g.

PROOF. (i) is clear. As f = mp o AF, where 7y : [[{f(X) : f € F} — f(X)
is the projection, we get (ii). To prove (iii), let g € Px be such that f < g
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for every f € F. Then for every f € F there exists a continuous mapping
hy : g(X) — f(X) such that hy o g = f. The diagonal mapping h = A{hy : f €
F}:g(X) = [[{f(X) : f € F} is continuous and satisfies h o g = AF. This
proves AF < g. O

The following standard definition will find its use in simplifying some proofs
in the sequel.

Definition 5. Let X be a topological space and F C Px. We say that F is:

(i) closed (in Px) if for every sequence {f, : n € N} C F such that fy <
fi2 -2 fp =2 fag1 =X ... onehas A{f, :neN} e F,
(ii) unbounded (in Px) if for every f € Px there exists g € F such that f < g,
(iii) a club (in Px) if F is both closed and unbounded (in Px).

Our next lemma is a part of folklore. We include its proof for the reader’s
convenience.

Lemma 3.2. Let X be a topological space and {F, : n € N} a sequence of clubs
in Px. Then F = ({Fn :n € N} is a club in Px.

PrOOF. Obviously, F is closed. To prove that it is unbounded fix an arbitrary
f € Px. Since each F,, is unbounded, using the standard diagonal argument we
can find a sequence {f; : i € N} C Py such that f < fo 2 f1 < -+ =2 fu =2
fnt1 = ... and the set M,, = {m € N : f,, € F,} is infinite for every n € N.
Then g = A{f; : i € N} € Px by Lemma 3.1(i). From Lemma 3.1(ii) it follows
that f < fo < g. So it remains only to show that g € F.

Fix n € N. Applying Lemma 3.1(ii) to f,,, we get f,,, = g for all m € N. Thus
A fm :m € My} < g by item (iii) of Lemma 3.1. Let ¢« € N. Since M, is infinite,
there exists mg € M, such that f; =< fn,,. Furthermore, f,,, < A{fm : m € M,}
by Lemma 3.1(ii). Applying Lemma 3.1(iii), we obtain ¢ < A{f,, : m € M,}.
Since A{fm :m € My} =g X AN{fm :m € M}, we get g = A fr, : m € M, }.
Since {fm : m € M,} C F,, and F,, is closed, one has A{f,, : m € M,} € F,,
which yields g € F,.

Since n € N was arbitrary, we conclude that g € ({F, :n € N} = F. O

We will need the following well-known lemma.
Lemma 3.3. Let X be a Tychonoff space, n € N and S,(X) = {f € Px :
dim f(X) <n}. Then

(i) dim X < n if and only if Sp(X) is unbounded in Px,
(ii) ¢f dim X < n, then S, (X) is a club in Px.



336 JAN SPEVAK

PROOF. (i) is proved in [9, Theorem 2]. From (i) it follows that S,(X) is un-
bounded. The proof that S, (X) is closed can be found, for example, in [13,
Lemma 11]. O

Remark. If X and Y are topological spaces and f € Pxgy, we define i(f) =
(f1x,fly) € Px x Py. Observe that i is an order-preserving bijection between
partially ordered sets (Pxgy, =) and (Px, <) x (Py, <). In view of this identifi-
cation the notion of a club in Px x Py is already defined.

4. GENERAL CASE

In this section we will extend Lemma 2.6 to arbitrary Tychonoff spaces X
and Y, thereby proving our main result in this manuscript (see Theorem 4.8 and
Corollary 4.9).

Lemma 4.1. Suppose that C is a countable cover of a topological space X con-
sisting of functionally closed subsets of X. Assume also that Y is a separable
metric space, O is a countable base of Y and F : X =Y is a set-valued mapping
satisfying the following condition: For every C' € C and every O € O there exists
a functionally open set Vo C X such that F~1(O)NC = VoNC. Then F is C-lsc.

PROOF. Let U be a functionally open subset of Y. Since O is a base for Y,
there exists Oy C O with U = |JOp. As a countable union of functionally open
subsets of X, the set V = |J{Vo : O € Oy} is functionally open in X. Finally,
note that

Fruync=J{F'0):0cop}nc=|J{F(O)NC:0ec0y}=

Uitvonc:0eou} = J{Vo:0c0p}nCc=vnC
O

Definition 6. For a mapping f : X — Z and a family C C 2% we will use the
symbol f(C) to denote the family {f(C): C € C} C 27.

Our next lemma, which plays the key role in our factorization, was inspired by
[6, Theorem 1.1].

Lemma 4.2. Let X be a topological space, Y a separable metrizable space and
F: X =Y a set-valued mapping such that F(x) is closed in'Y for every x € X.
Then the following are equivalent:

(i) F is C-lsc.
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(ii) There exist a separable metrizable space Z, a continuous mapping h :
X — Z and an h(C)-lsc mapping ¢ : Z =Y such that F = poh and
C = h=Y(h(C)) for each C € C.

PRrROOF. (i)=(ii) Fix a countable base {U; : i € N} of the topology of Y and let
C ={C,, : n € N}. Since F is C-lsc, for every i,n € N there exists a functionally
open set Vi, C X such that V;, N C,, = F~Y(U;) N C,. Let fi, : X — [0,1]
be a continuous function such that Vi, = f;,1((0,1]). Further, since each C,, is
functionally closed, there exists a continuous function g, : X — [0, 1] such that
Cn = g;1(0). Define F = {fi, : i,n € N} U{gn : n € N}. The diagonal mapping

h = AF is continuous and Z = h(X) is a separable metric space.
Claim 1. If zg,21 € X and h(xo) = h(x1), then F(xg) = F(x1).
PROOF. Indeed, h(xo) = h(x1) implies

(5) f(zo) = f(xy) for every f € F.

Since {C,, : n € N} covers X, there exists n € N such that z¢ € C),. From g, € F
and (5) we get g, (x1) = gn(z0) =0, and so z; € C), as well.

Assume, by the way of contradiction, that F(z) # F(x1). We may assume,
without loss of generality, that there exists y € F(z1) \ F(zo). Since F(zo) is
closed in Y, there exists ¢ € N such that y € U; and U; N F(zg) = 0.

Since y € F(x1)NU; and x1 € C,,, we get 1 € F~H(U;)NC,, = V;,NC,, C Vi =
F1((0,1]), and 0 fin (1) # 0. Since U;NF () = (), one has xg ¢ F~(U;). Since
x9 € Cp, and F~Y(U;)NC,, = V;,, NC,,, it follows that z¢ & V;,, = f;zl(((), 1]), and
therefore f;,(x9) = 0. We have proved that fi,(z¢) # fin(x1). This contradicts
fin € F and (5). O

Let z € Z. Choose arbitrarily € h™!(z) and put p(z) = F(x). By Claim
1, ¢(2) does not depend on the choice of # € h~!(z). This defines a set-valued
mapping ¢ : Z =Y satisfying F' = @ o h.

Fix n € N. Let 6, : Z — ¢,(X) be the continuous mapping such that g, =
0,, 0 h. Since C,, = g,;1(0) = (6,,0h)~1(0) = h=1(6,,1(0)), the set h(C,) = 6,,1(0)
is closed in Z and C,, = h=*(h(C,)). Since Z is a separable metric space, h(C,,)
is functionally closed. Furthermore, Z = h(X) = h(J{Cr : n € N}) = {R(C) :
n € N}. We have proved that h(C) is a countable functionally closed cover of Z
and C = h=1(h(C)) for each C € C. Let i,n € N. Let ¢y, : Z — fi,(X) be the
continuous mapping such that f;, = ¥;, o h. Then W, = w;}((o, 1]) is an open
subset of Z. Note that

Vin = f;ll((ov 1}) = (d’?n © h)il((07 1]) = hil(l/)i_nl((a 1]) = hil(Win)’
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and so h(V;,) = W;,. Let Z,, = h(C,,). Since F' = ¢ o h, we have
W e U) N Zn) = h™H e N (U)) Nh™H(Zn) = (o h) H(Ui) N Cp =

F Y U)NnC, =VinNC, = Vi, N Y(Z,).

Therefore, ¢~ (U;) N Z,, = h(Vin, "h™Y(Z,)) = h(Vin) N Z, = Wy, N Z,,. Being
an open subset of the separable metric space Z, W, is functionally open in Z.

We have checked that ¢ satisfies the assumptions of Lemma 4.1. Applying this
lemma, we conclude that ¢ is h(C)-Isc.

(ii)=>(i) Since h(C) is a countable (functionally) closed cover of Z, C' = h=1(h(C))
for each C' € C and h is continuous, C is a countable functionally closed cover of
X.

Fix C € C and a (functionally) open set U C Y. Since ¢ is h(C)-Isc, there
exists a (functionally) open set V C Z such that ¢ ~1(U) N h(C) = V Nh(C), and
consequently

F7HU)NC = (poh) T NC = h™H (p~ 1 (U))NATH(W(C)) = k™ (¢ (U)NA(C)) =

YV NA(C) =h (V)N A(C)) =h (V)N C.

Since h is continuous, h~1(V) is a functionally open subset of X. Hence F is
C-Isc. O

Lemma 4.3. Let X be a topological space, Y and Z be separable metrizable
spaces, f : X — Y a continuous mapping and F : X = Z a C-lsc finite-valued
mapping. Then the diagonal product G = fAF : X = Y X Z which assigns to
every x € X the set G(z) = {f(x)} x F(x), is a finite-valued C-lsc mapping.

PRrROOF. Let By and Bz be countable bases of Y and Z, respectively. Then
B={VxW:V By, W e Bz} is a countable base of the product Y x Z. Fix
CeC,V €By and W € By. Since f is continuous, f~1(V) is functionally open
in X. Since F is C-lsc, there exists a functionally open subset U’ of X such that
CNFY(W)=CnU'". Then U = U'N f~1(V) is a functionally open subset of X
such that CNG=H(V x W) =CnFY(W)nf~L(V)=CnU'nf~Y(V)=CnU.
It remains only to apply Lemma 4.1. O

Lemma 4.4. Suppose that X is a topological space, Y and Z are separable metriz-
able spaces. Assume that f: X —Y and g : X — Z are continuous surjections,
and h : Z —'Y is a (not necessarily continuous) mapping satisfying f = hog.
Then there exists a stronger separable metrizable topology T on Z with respect to
which h becomes and g remains continuous.
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PROOF. Denote by By and By countable bases for Y and Z, respectively. Then
S =Bz U{h Y(U) : U € By} is a subbase for some new topology 7 on Z. This
topology can be described also as a subspace topology of iAR(Z) C Z x Y, where
i : Z — Z is the identity mapping and Z as a set is identified with iAhR(Z).
Therefore 7 is separable metrizable. It is clear that h: (Z,7) — Y is continuous.
To observe that g : X — (Z,7) is continuous take V. € S. If V € By, then
g~ (V) is open because g was continuous in the original topology. If V.= h=1(U)
for some U € By, then g=1(V) = f~1(U) is open due to the continuity of f. O

Lemma 4.5. Let X,Y be topological spaces, F : X = Y a finite-valued C-lsc
mapping, f € Px and g € Py. Then there exist h € Px and an h(C)-lsc mapping
F': h(X) = g(Y) such that f < h, goF = F'oh and h=*(h(C)) = C for every
CecC.

PROOF. Define X’ = f(X) and Y’ = ¢g(Y). Denote by m : X' x Y’ — X/,
ma: X' X Y' — Y’ the projections. It is clear that ¢y = go F : X = Y’ is a C-lsc
mapping. It follows from Lemma 4.3 that the mapping fAY : X = X' x Y is C-
Isc as well. Use Lemma 4.2 to find a separable metrizable space Z, a continuous
mapping h : X — Z and an h(C)-Isc mapping ¢ : Z = X’ x Y’ such that
fAY = poh and h=1(h(C)) = C for every C € C. Let h' = m o p. Since
f=mo(fAY) =mo(poh) = (mop)oh = h'ohis a (single-valued) mapping, the
mapping A’ must be single-valued, and thus A’ may be viewed as a mapping from
Z to X'. The reader may want to consult the following commutative diagram:

f

N

Elow| rae " Z .

A

Y;Q>Y/<£XIXY/

According to Lemma 4.4, there exists some stronger separable metrizable topology
7 on Z such that h remains and h’ becomes continuous with respect to 7. Consider
Z with 7. Then f < h. Clearly ¢ remains h(C)-lsc in the stronger topology 7.
Let F' = mg 0 . Clearly, F is an h(C)-Isc mapping satisfying go F' = F'oh. O

Lemma 4.6. Let X,Y be topological spaces and F : X =Y a finite-valued C-lsc
mapping. Then the set Sgp of all pairs (f,g) € Px x Py satisfying conditions (i)
and (i) below forms a club in Px x Py.
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(i) C = f7Y(f(C)) for every C €C,
(ii) there exists a finite-valued f(C)-lsc mapping F' : f(X) = g(Y) such that
goF=Fof.

PrOOF. For (f,g) € Px x Py, let h € Px be as in the conclusion of Lemma 4.5.
Then (f,g) < (h,g) and (h, g) € Sr, which proves that Sg is unbounded.

To show that Sp is closed, choose an increasing chain {(f;,g;) € Px xPy : 4 €
N} C Sp. That is, (fi,9:) = (fj,9;) whenever ¢ < j, and for every X, = f;(X)
there is an f;(C)-lsc mapping F; : X; = Y; = ¢;(Y) such that g; 0 FF = F; o f;.
Define f = A{fi:i €N}, g=2A{g; :i e N}, X' = f(X) and V' = g(V). We
have to prove that (f,9) = A{(fi,9:) : i € N} € Sp. To this end, we need to
show that f and g satisfy items (i) and (ii) of our lemma.

(i) Observe that f; < f by Lemma 3.1(ii), so there exists a (continuous)
mapping h : f(X) — f1(X) such that f; = ho f. Then f~Y(D) = f; ' (h(D))
for every D C f(X). Applying this formula to D = f(C) for C € C, we obtain
FTHAC) = [THR(F(C)) = fiH(f1(C)) = C because fy satisfies (i). This
shows that f satisfies (i) as well.

(ii) We are going to find a finite-valued f(C)-lsc mapping F’ : X’ = Y’ making
the following diagram commutative:

Let o : [[{X;: 7 € N} = X, and 3, : [[{Y: : i € N} — Y, be the projections.
For every n € N, define 7,, = a,, [x’ and o, = Gy, [y

Claim 2. Assume that xo,z1 € X and f(xo) = f(x1). Then goF(x¢) = goF(z1).

PROOF. If yo,y1 € Y’ and yog # w1, then there exists n(yg,y1) € N such that
on(yo) # on(yr) for all n > n(ye,y1). Since F is finite-valued, the set T =
goF(xg)Ugo F(xy) is finite, and so n = max{n(yo,y1) : Yo,y1 € T,yo Zy1} € N.
Clearly, o, [7: T — Y, is an injection. Now f(xg) = f(z1) implies f,(zg) =
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fn(21), which gives g, o F(20) = F,, © fn(20) = Fy © fa(®1) = gn o F(21). Since
gn = 0n 0g, we get 0,(g0 F(2g)) = on(go F(x1)), and so go F(zg) = go F(x1)
because o, [T is an injection. O

For 2’ € X' pick some x € X such that f(z) = 2’ and define F'(z') = g(F(x)).
Claim 2 guarantees that the value F’(z') does not depend on the choice of x €
f~Y(z"). Hence F’ is a well defined finite-valued mapping that makes the above
diagram commutative. In particular, go F' = F’ o f. It remains only to show that
F'is f(C)-Isc.

Since (f1,91) € Sk, f1(C) is a countable cover consisting of functionally closed
subsets of X; = f1(X). Since the mapping h from the proof of item (i) is con-
tinuous, h=1(C) = f(C) is a functionally closed subset of X’ = f(X) for every
C € C. Therefore f(C) is a countable (functionally) closed cover of X’.

For ¢,7 € N with j < 7 one has g; < g¢;, so we can fix a continuous function
pij 1 Y; — Y; such that p;; o g; = g;. For every ¢ € N let B; be a countable base
of Y;. Without loss of generality, we may assume that {pi_jl(B) :Be B} CB;
whenever j < i. Then B = |J{{0,;*(B): B € B,} : n € N} is a countable base of
Y’

Let C € C and U € B. Then there exist n € N and U,, € B,, such that
U = 0,%U,). Since F, is f,(C)-lsc, there exists a functionally open subset
V,, of Xn such that f,(C) N F,; Y (U,) = fu(C)NV,. Since m, is continuous,
V =7, 1(V,) is a functionally open subset of X’. Now we obtain the following
chain of equalities:

F )N (o) Y 1(F (Un) NF(C) = (FH(Un) N £a(C)) =

2 (Va0 fa(C)) =V N F(O).
Indeed, the equality (i) follows from o, 0 F' = F,om, and U = 0,,1(U,,), and the
equality (ii) follows from 7, 1 (f.(C)) = f(C).
Applying Lemma 4.1, we conclude that F’ is f(C)-lsc. O

(i)

Lemma 4.7. Let n € N. Suppose that X and Y are Tychonoff spaces such that
dimX < n and X p>g Y (see Definition 3). Let S,(X) be the subset of Px
defined in Lemma 3.3. Let Sp C Px X Py and Sg C Py x Px be the sets defined
in Lemma 4.6. Let j : Py x Px — Px x Py be the isomorphism defined by
J(g: f) = (f.g) for (9, f) € Py x Px. Finally, define
A(n, F,G) = (Sp(X) x Py) N Sk N j(Sq).
Then:
(i) A(n, F,G) is a club in Px x Py, and
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(ii) (f,9) € A(n, F,G) implies dim g(Y") < n.

PROOF. (i) Since S, (X) is a club in Px by Lemma 3.3(ii), S, (X) x Py is a club
in Px x Py. According to lemma 4.6, Sg is a club in Px x Py and Sg is a
club in Py X Px. Since j is an isomorphism, j(S¢) is a club in Px x Py. Now
the conclusion of item (i) follows from Lemma 3.2 (applied to Pxgy, see remark
following Lemma 3.3).

(ii) Let F: X = Y be C-lsc for some C and G : Y = X be D-lIsc for some D.
Since (f, g) € Sr, there exists a finite-valued f(C)-lsc mapping F’ : f(X) = g(Y)
such that go F'= F’ o f. Since (f,g) € j(Sg), we have (g, f) € Sg, and so there
exists a finite-valued g(D)-lsc mapping G’ : g(Y) = f(X) such that foG = G’ og.

Let 3’ € g(Y) be arbitrary. Pick y € Y such that g(y) = ¢'. Since X p>¢ Y,
there exists x € X with z € G(y) and y € F(x). Define 2’ = f(z) € f(X).
Now 2’ = f(z) € f(G(y)) = foGy) = G'og(y) = G'(9(y)) = G'(y') and
Y = g(y) € g(F(x)) = go F(x) = F' o f(x) = F'(f(x)) = F'(&').

We have proved that f(X) p>g g(Y). Therefore, dimg(Y) < dim f(X) b
Lemma 2.6. Finally, (f, g) € (Sn(X)xPy) implies f € S,(X), and so dim f(X)
n. This proves dim g(Y) < n.

<

O IA

Theorem 4.8. Let X and Y be Tychonoff spaces such that X > Y. Then
dim X > dimY.

PROOF. There exist finite-valued mappings F' : X = Y and G : Y = X such
that X p>>¢ Y. The case dim X = oo is trivial. Suppose now that dim X = n for
some n € N. Let gg € Py. Pick an arbitrary fy € Px. Since the set A(n, F,G) is
unbounded in Px x Py by Lemma 4.7(i), we can find some pair (f,g) € A(n, F, Q)
such that (fo,90) = (f,g). Then gy = ¢g and dimg(Y) < n by Lemma 4.7(ii).
This argument shows that S,,(Y) is unbounded in Py . Therefore, dimY < n by
Lemma 3.3(i). O

As a direct corollary we obtain that the notion of mutual domination is the desired
generalization of homeomorphism of spaces which preserves dimension.

Corollary 4.9. If X and Y are Tychonoff spaces such that X >Y and Y > X,
then dim X = dimY.

Some other corollaries and consequences of Theorem 4.8 will be discussed in
the next two sections.
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5. APPLICATIONS TO STRONGLY LSC MAPPINGS IN THE SENSE OF GUTEV AND
0-LSC MAPPINGS IN THE SENSE OF CHOBAN

Corollary 5.1. Suppose that X and Y are Tychonoff spaces, F : X = Y and
G : Y = X are finite-valued mappings such that for every y € Y there exists
x € X with x € G(y) and y € F(z). If both F and G are strongly lower semi-
continuous, then dimY < dim X.

PROOF. Since F' is strongly Isc, F' is {X}-Isc. Similarly, since G is strongly lsc,
G is {Y }-Isc. Now the conclusion follows from Theorem 4.8. O

From the last corollary we immediately get

Corollary 5.2. Suppose that Xy and X1 are Tychonoff spaces, and F; : X; =
X1_; is a finite-valued strongly lsc mapping for every i = 0,1. Suppose also that
x € U{Fi—i(y) : y € Fi(x)} whenever i = 0,1 and x € X;. Then dim Xy =
dim Xl-

Recall that a subspace C' of a topological space X is called C*-embedded in
X if every bounded continuous real-valued function on C' can be continuously
extended over X.

Corollary 5.3. Suppose that X and Y are normal spaces, F : X = Y and
G Y = X are finite-valued mappings such that for every y € Y there exists
x € X with x € G(y) and y € F(z). Assume also that C is a countable cover of
X consisting of functionally closed subsets of X such that the restriction F [¢:
C =Y of F to each C € C is strongly lower semi-continuous. Similarly, suppose
that D is a countable cover of Y consisting of functionally closed subsets of Y
such that the restriction G [p: D = X of G to each D € D is strongly lower
semi-continuous. Then dimY < dim X.

PrOOF. Let C' € C be arbitrary. As a closed subset of a normal space X, C is
C*-embedded in X. In particular, if W is a functionally open subset of C', then
one can find a functionally open subset V of X with V. N C = W. This shows
that F is C-lsc. A similar argument shows that G is D-Isc. Hence X pi>¢ Y, and
the conclusion of our corollary follows from Theorem 4.8. U

In [3] Choban introduced the notion of a o-lower semi-continuous mapping. A
set-valued mapping F' : Xy = X; between Tychonoff spaces Xy and X; is called
o-lower semi-continuous provided that there exists some countable closed cover
C of Xy such that the restriction F' [¢: C = Y of F to each C' € C is lower
semi-continuous [3].
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Corollary 5.4. Suppose that X and Y are perfectly normal spaces, F': X =Y
and G Y = X are finite-valued o-lower semi-continuous mappings such that for
every y € Y there exists x € X with x € G(y) and y € F(x). Then dimY <
dim X.

PROOF. Let C be a cover witnessing that F is o-lower semi-continuous, and let D
be a cover witnessing that G is o-lower semi-continuous. Since both X and Y are
perfectly normal, each member of C is functionally closed in X and each member
of D is functionally closed in Y. Every open subset of a perfectly normal space
is functionally open, and so a lower semi-continuous set-valued mapping defined
on a perfectly normal space is strongly lower semi-continuous. Therefore, all the
assumptions of Corollary 5.3 are satisfied. Thus dimY < dim X by Corollary
5.3. O

According to Choban [3], spaces X and X; are called g-om-equivalent (om-
equivalent) provided that, for every i € {0,1}, there exists a finite-valued o-lsc
mapping (Isc mapping) F; : X; = X1_; such that € J{F1-i(y) : y € Fi(x)} for
every x € X;. Using this terminology, from Corollary 5.4 we immediately get the
following

Corollary 5.5. Let X and Y be o-om-equivalent perfectly normal spaces. Then
dim X =dimY.

Example 6.3(ii) below shows that “perfectly normal” cannot be weakened to
“hereditarily normal” in Corollary 5.5.

Corollary 5.6. (Choban, see [3, Corollary 4.4.6]) If X andY are o-om-equivalent
hereditary Lindeldf spaces, then dim X = dimY. 2

6. APPLICATIONS TO FINITE-TO-ONE OPEN MAPPINGS

A classical result of Pears [8] says that if f is a finite-to-one open mapping of a
weakly paracompact normal space X onto a normal space Y, then dim X = dimY'.
In this section we will use Corollary 4.9 to derive similar kind of theorems under
different assumptions on X and Y. We will also provide two examples showing
that, in general, dimension is not preserved by finite-to-one open mappings.

We start with a rather general theorem.

2This result in [3] relies on a proposition [3, Proposition 4.1.5] having an extremely condensed
proof which the author had difficulties to follow.
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Theorem 6.1. Let X,Y be Tychonoff spaces and f : X — Y a finite-to-one
mapping which is onto. Suppose that there exist countable functionally closed
covers C of X and D of Y such that the following conditions are satisfied:

(i) for every C € C and every functionally open V- C Y there exists function-
ally open U C X such that f~5(V)NC =UNC,

(ii) for every D € D and every functionally open U C X there exists a func-
tionally open V CY such that DN f(U)=DNV.

Then dim X = dimY.

PROOF. Define F: X =Y and G: Y = X by F(z) = {f(z)} for x € X and
G(y) = f~(y) for y € Y. A straightforward check shows that X pi>g Y and
Y ¢>r X. Hence X>Y and Y > X, and so dim X = dimY by Corollary 4.9. O

Recall that a mapping f : X — Y is functionally open (also called a cozero map-
ping in [1]) provided that f is continuous and the image f(U) of every functionally
open subset U of X is a functionally open subset of Y.

Corollary 6.2. Let f : X — Y be a finite-to-one functionally open mapping of
a Tychonoff space X onto a Tychonoff space Y. Then dim X = dimY .

PROOF. Apply Theorem 6.1 to C = {X} and D = {Y}. O

Examples 6.1 and 6.2 below show that “functionally open” cannot be weakened
to “open” in Corollary 6.2.

Corollary 6.3. Let f : X — Y be a finite-to-one open mapping of a Tychonoff
space X onto a perfectly normal space Y. Then dim X = dimY .

PRrROOF. Observe that every open mapping onto a perfectly normal space is func-
tionally open and apply Corollary 6.2. (]

Example 6.2 below shows that “perfectly normal” cannot be weakened to
“hereditarily normal” in Corollary 6.2.

Let {U, : a € A} be a family of subsets of a topological space Y. For every
a € Alet iy : U, — Y be the inclusion mapping (defined by i,(x) = z for z € U,).
The mapping f : @P{U, : a € A} — Y defined by f(x) = i,(z) for z € X, where
a is the unique element of A with x € U,, will be called the natural mapping of
@PD{U, : a € A} into Y. The following easy lemma provides a source of examples
of finite-to-one open mappings.

Lemma 6.4. Let {U, : a € A} be a point-finite open cover of a topological space
Y. Then the natural mapping f : P{Us : a € A} — Y is a finite-to-one open
mapping which is onto.
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Let us mention one folklore consequence of Corollary 6.3:

Corollary 6.5. Let {U, : a € A} be a point-finite open cover of a perfectly normal
space Y such that dimU, < n for every a € A. Then dimY < n.

PROOF. Define X = @{U, : a € A}. Clearly dim X < n. The natural mapping
f+ X — Y is open, finite-to-one and onto (Lemma 6.4). Since Y is perfectly
normal, it follows from Corollary 6.3 that dimY < n. ]

It should be noted that it is known that in Corollary 6.5 it suffices to require Y
to be hereditarily normal. Indeed, by [5], Problem 3.1.A.(b) there exists an open
cover {V, :a € A} of Y such that V, C U, for every a € A. By Theorem 3.1.3 in
[5], dim V, < n and by Theorem 3.1.13 of [5], dimY < n.

Our next two examples show that dimension need not be preserved by finite-to-
one open mappings. Both examples are based on constructions of E.Pol and R.Pol.
The first example shows that finite-to-one open mappings can raise dimension,
while the second one shows that they can also lower dimension.

Recall that a space X is scattered if every subset of X has an isolated point.

Example 6.1. (R.Pol) There exists a finite-to-one open mapping f from a scat-
tered paracompact space X onto a weakly paracompact Tychonoff space Y such
that 0 = dim X < dimY.

PROOF. According to [10, Example 4.C] there exists a weakly paracompact Ty-
chonoff space Y such that dimY > 0 and Y = W U D, where both W and D
are discrete subsets of Y and W is open in Y. Therefore, for every y € Y there
exists an open neighborhood V), of y such that V, has at most one non-isolated
point. Since Y is weakly paracompact, we can choose a point-finite refinement
{Uq : a € A} of the open cover {V, : y € Y} of Y. It follows that each U, has
at most one non-isolated point. Being a disjoint sum of spaces with at most one
non-isolated point, X = @{U, : a € A} is a scattered paracompact space with
dim X = 0. Finally, the natural mapping f : X — Y is finite-to-one, open and
onto (Lemma 6.4). O

We note that the theorem of Pears [8] cited in the beginning of this section
shows that the space Y in the above example cannot be normal.

Example 6.2. There exist a Lindeldf hereditarily normal space Y with dimY =0
and, for every n € N, an open mapping f, : X, — Y of a hereditarily normal
space X, onto Y such that dim X,, =n and |f,; }(y)| <2 for ally € Y.



FINITE-VALUED MAPPINGS PRESERVING DIMENSION 347

PROOF. According to [11, Theorem 3|, there exists a Lindelof hereditary normal
space Y such that dimY = 0 and Y contains, for every n € N, a subspace Y,
with dimY,, = n. By checking the proof of this theorem one concludes that Y, is
moreover open in Y for every n € N. Put X,, =Y @Y,,. Since Y is hereditarily
normal, so is X,. Clearly dim X,, = n. By Lemma 6.4 the natural mapping
fn: X, — Y is open and onto. Clearly, |f, (y)] <2 forallyecY. O

Our last example shows that Corollary 5.5 does not hold for arbitrary Tychonoff
spaces.

Example 6.3. Fori = 1,2 there exist om-equivalent (and thus o-om-equivalent)
Tychonoff spaces X; and Y; such that dim X; # dimY; and:

(i) Xy is scattered and paracompact, while Yy is weakly paracompact,
(ii) both X5 and Yy are hereditarily normal, and Ys is Lindelof.

PROOF. Let a Tychonoff space Y be an image of a Tychonoff space X under a
finite-to-one open mapping f : X — Y. Define FF: X = Y and G : Y = X
by F(z) = {f(x)} for z € X and G(y) = f~!(y) for y € Y. It is easy to check
that F' and G are witnessing the om-equivalence of X and Y. Now it suffices
tolet X1 = X,Y; =Y, where X and Y are the spaces from Example 6.1, and
X5 = Xorg, Yo =Y, where Xo7g and Y are the spaces from Example 6.2. O

Let Y be the space Y constructed in Example 6.2. We note that there exists
a point y € Y such that Y \ {y} is perfectly normal and locally second countable
(thus metrizable). This means that, in a certain sense, Y is very close to being
perfectly normal and yet Y is an image under a finite-to-one open mapping of
a space having different dimension. Together with Corollary 6.3 this makes it
natural to ask the following

Question 2. Are the following statements equivalent for a Tychonoff space Y ¢

(i) Y is perfectly normal.
(ii) dim X = dimY whenever f : X — Y is a finite-to-one open mapping of
a Tychonoff space X onto Y .
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